Controlling single-photon transport in waveguides with finite cross-section 
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We study the transverse-size effect of a quasi-one-dimension rectangular waveguide on the single- 
photon scattering on a two-level system. We calculate the transmission and reflection coefficients for 
single incident photons using the scattering formalism based on the Lippmann-Schwinger equation. 
When the transverse size of the waveguide is larger than a critical size, we find that, the transverse 
mode will be involved in the single-photon scattering. Including the coupling to a higher traverse 
mode, we find that the photon in the lowest channel will be lost into the other channel, corresponding 
to the other transverse modes, when the input energy is larger than the maximum bound-state 
energy. Three kinds of resonance phenomena are predicted: single-photon resonance, photonic 
Feschbach resonance, and cutoff (minimum) frequency resonance. At these resonances, the input 
photon is completely reflected. 

PACS numbers: 42.50.Ct, 42.50.Gy, 03.65.Nk 



I. INTRODUCTION 

Current optical communications use electronic switch- 
ing and, thus, are limited to electronic speeds of a few 
gigahertz. To reach much higher speeds, various pro- 
posals have been made including optical networks [1], 
as well as using all-optical routers [2] and switches [3- 
8]. Also, quantum optical networks were motivated by 
quantum information (communication), using elements 
with quantum coherence (such as superposition and en- 
tanglement) of photons. Thus the elemental device can 
be implemented as a generalized cavity QED system: a 
photon confined to a one-dimension (ID) waveguide, and 
controlled by a quantum switch, made of a two (or more) 
energy-levels system [3-24]. 

There have been numerous theoretical [3-8, 25] and 
experimental [26, 27] studies for such a quantum switch, 
which could be realized in various physical systems, 
e.g., a transmission line [6, 28-31] coupled to a charge 
qubit [32-36]; a defect cavity waveguide coupled to a 
quantum dot [37-39]. Most theoretical studies on these 
systems are excessively idealized, because the experimen- 
tal system is never one dimensional. 

In order to consider more realistic systems, here we 
study the finite cross-section effect of the waveguide on 
the single-photon transport controlled by a two-level sys- 
tem (TLS). We consider the waveguide as a quasi-lD 
system with a rectangular cross-section. It is well known 
that if a photon could be perfectly transported in a quasi- 
lD waveguide, its frequency must be larger than the cut- 
off frequency of a certain transverse mode. Moreover, 
to avoid the loss of the photon incident in the lowest 
transverse mode due to scattering into other modes, peo- 
ple need to make the cross-section of the waveguide as 
small as possible. However, the cross-section of realis- 



tic waveguides cannot be infinitely small, and a waveg- 
uide with a finite cross-section would allow the photon 
transit from one transverse mode to another. Further- 
more, if the incident photon frequency is far from the 
cutoff frequency, such as X-ray [40, 41], then the differ- 
ent transverse modes would be so close that the incident 
photon would be inevitably coupled to higher transverse 
modes. This consideration motivates us to study the in- 
cident photon transport in one mode while coupled to 
another (higher) mode. 

We solve the Lippmann-Schwinger equation for calcu- 
lating the reflection and transmission coefficients of a 
single photon scattered by a TLS. Since the exact dis- 
persion relation of a photon in a waveguide with finite 
cross section is more like a quadratic one near the cut- 
off frequency, quite different from the linear regime, we 
approximate the exact dispersion relation by a quadratic 
function of the wave-vector of the photon by expanding 
it to second order in the wave- vector. In such a quadratic 
waveguide, we find that there is a bound state and two 
quasi-bound states for each scattering channel defined by 
a certain transverse mode. We note that this bound state 
does not exist in the usual linear waveguides. 

There are three kinds of resonance phenomena, which 
correspond to the complete reflection of the photon inci- 
dent in a given channel. One occurs at the single-photon 
resonance, namely the incident photon energy is resonant 
with the TLS without coupling to the higher transverse 
mode. Once the incident photon couples to the higher 
transverse mode, this resonance phenomenon is replaced 
by a photonic Feschbach resonance, namely a complete 
reflection occurs when the incident energy of the photon 
equals to the bound state energy of the higher transverse 
mode. The third type of resonance always occurs at the 
minimum frequency of the quadratic waveguide, whether 
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or not the singe photon is coupled to a higher trans- 
verse mode. This resonance phenomenon is called cutoff- 
frequency resonance. We also notice that the transverse 
mode will lead to an incident photon loss as a result of 
scattering into other higher channels. We also compare 
in detail the results obtained by the linear and quadratic 
dispersion relations, respectively. 

This paper is organized as follows. In Sec. II, we de- 
scribe the system and the effective Hamiltonian, includ- 
ing two transverse modes. We also derive the second- 
order dispersion relation. Then, we calculate the single- 
photon transport in the higher transverse mode without 
coupling to the incident mode in Sec. III. We hnd a bound 
state and two quasi-bound states [5, 42, 43] by utilizing 
the quadratic dispersion relation. In Sec. IV, we obtain 
the single photon reflection and transmission coefficients 
with coupling to the higher transverse mode through the 
Lippmann-Schwinger equation. The transverse effect in 
both linear and quadratic waveguides are discussed in 
Sec. V. Finally, we present our conclusions in Sec. VI. 



II. MODEL 

The setup under consideration is a waveguide-QED 
system (see Fig. 1) consisting of a quasi-ID rectangu- 
lar waveguide with inner dimensions L x and L y and a 
two-level atom. The waveguide supports quantum fields 
of transverse electric waves TE mn , which are described 
by the annihilation (creation) operators a^ n k . Here the 
natural numbers m and n are, respectively, the trans- 
verse quantum numbers in the x and y directions, while 
the continuous variable k denotes the wavevector along 
the z axis. The eigenmode function of the electric fields 
in the waveguide can be expressed as [44] 

~(x) , \ 2n7T / 17171 \ . ( WK \ - hy . . 

( r ) = ~ iek T— r cos t~ x sm ~r y e ' W 

where we introduce the cutoff wavenumber 

fccut = \J {nnr/L x ) 2 + (nn/L y ) 2 7 (2) 



and the electric field per photon e k = y/frui m ,n,k/ (2eoVV), 
with frequency 



u m>n ,k = (mir/L x ) 2 + (nir/Lyf + k 2 , (3) 

and the effective volume VJ. = L x L y 2Tr/k of a segment 
(with length 27r/fc) of the waveguide. The parameter eo 
is the vacuum permittivity and c is the speed of light in 
vacuum. 

When a two-level atom is placed in the waveguide, it 
will couple to these quantum fields via the dipole inter- 
action. Denoting the ground and excited states of the 
atom as \g) (with energy 0) and |e) (with energy ojq), we 
can define the atomic transition operators as a + = \e) (g\ 
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Figure 1: (Color online) Schematic diagram for single-photon 
transport in a quasi-one-dimension waveguide coupled to a 
TLS with transition frequency ujq. The cross-section size of 
the waveguide is L x (L y ) along the x (y) direction. 

and cr_ = \g) (e|, and then the Hamiltonian (with h = I ) 
of the waveguide-QED system reads 

/+oo 
dk ^ <*>m,n,kaln,n,k a m,n,k 
-°° m,n 

/+oo 
m,n,k&-\-Q"m,n,k ~r 11. C. 
)■ (4) 
"°° m,n 

Here we have assumed the atomic dipole is along 
the x axis so that the coupling strength is g myn .k = 

ae ,9 U m,n,k \ T 0)- 

To keep the coupling between photons and atoms 
gm.n,k non-zero, the transverse mode quantum number 
n should be non-zero, namely n = 1,2,3, .... The rela- 
tion = cfc cu t gives the exact cutoff frequency 
for the transverse mode (m, n). 

As a result of go,o,fc = 0, we do not consider the TEoo 
mode with wo.o.fc = c\k\. To reduce the energy distri- 
bution in the transverse mode of the transport photon, 
we assume that the photons are in the lowest transverse 
mode TEoi , which is the main transport channel we will 
consider here. However, the transverse mode TEn is very 
close to the lowest transverse mode TEoi for a finite cross 
section of the waveguide, while other transverse modes 
are far away from TEoi. Therefore, the finite cross sec- 
tion effect of the quasi-ID waveguide on photon transport 
can be mainly characterized by the two transverse modes 
TEoi and TEn. Then the Hamiltonian (4) reduces to 

H = H + V (5) 

with the free Hamiltonian Ho of the photon and the two- 
level atom 

H = H w +Lo \e)(e\, (6) 

where 

/+oo 
dk{uj a , k a\ak + Ub,kb\bk), (7) 
-oo 
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and the interaction Hamiltonian V between the photon 
and the atom 



V 



/+oo 
dka+ (gia k + g 2 b k ) + h.c. 
-OO 



(8) 



by defining TEoi as the a- mode, and TEn as the 6- mode, 
that is 



Ofe = ao,i,fc, bk — ai,i,, 



9o,i,k 



= 2idi 



<■•<) 



2e Vk Sm \L x y ° 



9i, 



(9) 



(10) 



We assume the photons are entering from the left end 
of the waveguide in the a- mode, thus for the right- moving 
photons, fco, fc > 0, and S takes the '+' sign; while for 
the left-moving photons, fco, fc < ®, and S takes the 
' — ' sign. Therefore, the dispersion relations (14) can be 
rewritten as 

J w + | k + v s2 k 2 , k o ,k' o >0 

— \ I 17, 7 9 7 7 ' r, V 1 ' ) 

[w - |u s i I k + v s2 k A , fc , fc < 

for s = a, 6. We note that the terms in the dispersion 
relation (14) that depend on the photon wave-vector p 
describe the frequency detuning of the photon from the 
atom. Later on, we will use the dispersion relations (14) 
in our derivations. 



gixk = ^vtt cos (^ xo ) sin (^° 

= .92, 



and 



cut 



cut 
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(11) 



fl2) 



(13) 



Here, we assume go.i,k and gi,i k to be independent of fc 
and are denoted by g\ and g 2 , respectively. This assump- 
tion is equivalent to the Markov approximation [45]. 

In many works related to ID waveguides, the disper- 
sion relation of the photon is approximated up to the 
first order of the photon wave-vector [13-15, 17, 19- 
24]. However, the exact dispersion relation (3) near 
the cutoff frequency is more like a quadratic one, so we 
expand the frequency u>a t k around (ko,u>o) with ujq = 



III. SCATTERING AND BOUND STATES IN 
THE SINGLE b MODE 

Since the photon scattering process in the so-called 
6-mode may contribute to the photon transport in the a- 
mode, we first consider the photon scattering in a single 
6-mode. We inject the photon in the 6-mode with the 
atom only coupled to the transverse-mode 6-mode [g\ = 
0). By employing the Lippmann-Schwinger equation, we 
calculate the scattering state of the photon in the 6-mode. 
The bound state is also obtained by the poles of the T 
matrix [46]. 

Under the above consideration, the Hamiltonian is di- 
rectly obtained by setting g\ = and u a ,k = in the 
Hamiltonian (5) H b = Hq + V b , which includes the free 
Hamiltonian 



K+uj \e) (el 



(18) 



w a,fc 



K 2 Ly 2 + k 2 G , and u btk around (k' ,cj ) with with = f+°° dk ^ ft t and the interaction part 



ljq = u b k > = cy n 2 Lx 2 + n 2 Ly 2 + fc 2 , up to second or- 
der in fc. After introducing p = k — fco (f° r ^>a,k), an d 
p = k — k Q (for LOb.k), the two dispersion relations can be 
rewritten as 

w s , p ~ u + v s ip + v s2 p 2 , (s = a,b) (14) 

with the first- and the second-order coefficients given by 



/+oo 
dk( g 2 o+& fc + h.c.). 
-OO 



(19) 



We assume the single photon is initially input from the 
left end of the waveguide in the 6-mode b\ |0) with en- 
ergy uJb,k, while the atom is in the ground state \g), then 
the scattering state is given by the Lippmann-Schwinger 
equation [46] 



v al = cS/ujq, v a2 = 



2d 2 2lu ' 



(15) 



"61 = | «ai | \Z 2 <5 2 - Wq/<5, v b2 = 2v a2 . (16) 

Here we have introduced lo = cn/L x and S = 
±s/cjq — w 2 , which is proportional to the size L x of 
the cross-section. The ± sign represents the sign of 
fco (fc )- The approximated quadratic dispersion rela- 
tion (14) shifts the cutoff frequency from w£ ut (exact) 
to oj" lm = (4w S 2o;o — v 2 i) I {kv s2 ) (approximated). Here 
s = a, 6. 



<P& ) )=blm\9) + 



1 



Ub,k 



i0+ - H b 



V 



(20) 



Here, the input state b\ |0) \g) is the eigenstate of the free 
Hamiltonian Hq with eigenenergy uj^k 

H b b\ |0) |s) = u b ,kb\ |0) \g) (21) 



and 



^bk ) i s ^ ne eigenstate of the total Hamiltonian H b 



with the same eigenenergy 



4 



We assume that the solution of the scattering state 
Vbfc'^ i s m the form 

At ] ) =\4>b,k)\9)+Pb,km\e). (22) 

Here, \4>b,k) is the single-photon state after being scat- 
tered, and /3b,k is the probability amplitude for the atom 
to be in its excited state. Substituting this solution into 
Eq. (20), the scattering state is obtained 



= bl\$)\g)+p b , k \$)\e) 
+G Q bw (w 6 , fe + i0+) /3 bk 



+ 00 



dk'g* 2 b{, |0) \g) , 
(23) 



where (z) = (z - H b w ) 
for the 6-mode photon, and 



is the free Green operator 
(24) 



.92 



u b ,k + «0+ - w - S h (w 6 ,fc) 
with the self-energy dehned by 

ijbVbi 



^b{E) = - 



yjv^ + Av b2 {E - W ) 



(25) 



It follows from Eq. (25) that, when E > 
(^r 1 (4v b2 w ~ O = ^ in , Z b (E) is pure 
imaginary, while E < w"^ 111 , E& (E) is real. Using the 
scattering state, the T-matrix elements are given by 



tvfcKk) = {g\mb k ,V\Vbl 

\9i 



^b,k + i0 + - w - E& (w6,fc) 



(26) 



The bound state can be obtained by solving the tran- 
scendental equation [tk'k (E bs )] 1 = 0. We directly ob- 
tain the bound-state-energy transcendental equation 



Eh 



w 



llbVbl 



y/v^ + Av b 2 (E bs - w ) 



(27) 



by using the result (25). Here we have defined the 
decay rate for the atom induced by the 6-mode 76 = 
2tt |ff2| 2 /vbi- Later on, we use 7& to denote the coupling 
strength 172 ■ 

It follows from this result (27) that if Vb2 — > 0, 
which corresponds to a linear waveguide, the bound- 
state-energy solution is 



E bs = Uo-i 1 76 1 



(28) 



The fact that there is no real solution means that there is 
no bound state in the linear waveguide. However, for the 
quadratic waveguide, the transcendental equation (27) 
gives one real solution 



E h 



A 



w , 



(29) 



with 



A 



F _ 



U\ - UbV^ 



61 



l2u b V b 2 



(30) 



This real solution denotes a bound state. Two complex 
solutions 



Ebs 



-l + n/3) u b -2v 2 



u b - 2v bl + - 



-l-n/3) Ail + 24w 62 wo 
u b 



x(24l> 62 ) \ 



(31) 



and 



Ebs 



-1 - iV3J Ub — 2v bl + 

x (24V62)" 1 , 



-l + n/S) — +24v62Wo 

/ Ub 



(32) 



correspond to two quasi-bound states. Each of these 
is a metastable state that decays on a very long time 
scale and appears to be a localized bound state in real 
space [42, 43]. The parameters therein are defined by 



lb = 



lb, 

-v 6 bl - 216v 2 bl v 2 b2l 2 



-nVSy/vfafa* « + I08v 2 b2l 2 ). (33) 



We note that l b is always real, thus there are three values 

for Ub = l^ 3 ',Z^ 3 e*^ , and l\^e % ^. However, we can 
choose u b to be real. Then there is always a real solution 
(29) for the Eq. (27), which describes a bound state with 
energy (29). In addition, when the detuning A a fc = w a fc — 
loq satisfies 



A q a 



or equivalently, 



-v al ± ^v 2 al + 4« a2 Ag _ 

ft — — Hf, 

2Va2 



(34) 



(35) 



the input photon energy w a fc is resonant with the bound 
state in the 6-mode. This is the Feshbach resonance. 
Moreover, 



lim A„ = 



u bl 
4«62 



= A 



(36) 



This maximum value A^ lax of A|j versus the coupling 
strength 76 between the transverse mode and the TLS 
denotes the maximum value of the bound state energy in 



this transverse mode Ejjf* 



■Wo- 
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IV. PHOTON TRANSMISSION AND 
REFLECTION IN THE a MODE WHILE THE 
ATOM IS COUPLED TO THE b MODE 

Now we consider the photon injected in the a-mode 
with the atom coupled to the a-, and 6-modes at the 
same time. We calculate the scattering state of the a- 
mode photon. Using the Lippmann-Schwinger equation, 
the scattering state is 



n 



(+)\ - j 



|0> 1.9) 



1 



-V 



(37) 



By a similar procedure to the last section, the scatter- 
ing state is obtained as 



-foo 



= al\<D)\g)+0 k \<D)\e) 

+G° W {uj a , k + z0+) fa I ' ~ dk' Ua{, + g&l) |0) |ff) 

J — oo 

(38) 

where the similar free Green operator is G° (z) = 
(z — H w ) , and the excited probability amplitude of the 
atom is 



9i 



Wai + «0+ - CJ - S a (uJa.k) ~ Sfc (u} a ,k) 

with the self-energy for the a-mode defined by 

JaVali 



X a (E) = - 



^v 2 al +Av a2 (E-u y 



(39) 



(40) 



and Hb(E) defined by Eq. (25). Here, the decay rate 
induced by the a-mode j a = 27r|<7i| /v a \ is introduced. 
Later on, we also use j a to denote the coupling strength 
9i- 

By using the scattering state (38), we obtain the ma- 
trix elements of the scattering operator S in fc-space 

Sk'.k = 8(k' — k)- 2wi8 (w afc < - uj ak ) t wk (w a , fc + i0 + ) , 

(41) 

where the T-matrix elements are directly obtained as 
tk'k (^a,k + i0 + ) 



{g\{$\a k .V 



\9l 



W Q ,fc + «0+ - UJ - E a (u„ i) - E 6 (uj a ,k) ' 



(42) 



and the Delta function here is defined as 8 (x) = 1 at 
x = 0, otherwise 8 (x) = 0. We note that t k i k {u) a ,k + *0 + ) 
is independent of k' . 
Through the relation 

S k ',k = r8(k + k')+tS(k-k'), 



we obtain the reflection amplitude 



r(k) 



1 



laVal 



\2v a2 k - 



|«al| | A afc - E a (w ,k) - S 6 (UJa.k) 

(43) 

for the input single photon in the a-mode. Note that, 
in obtaining the result (43), we have discarded the 
term proportional to 8 [A ak - E Q (cJ ,fc) - s & ( w a,fc)] and 
the principle value label '"P' when using the formula 
l/(x + i0+) = V/x -inS(x). Here the Dirac Delta 
function is defined as 8 (x) = oo if x — 0, otherwise 
8 (x) = 0. This procedure is reasonable because the def- 
inition of detuning A ak already restricts its regime to 
A a fc > —v al / (4w a2 ) = A™£ n , which contradicts the ba- 
sic condition A ak < — u^i/ (4i> a 2), under which the Delta 
term 8 [A ak - S a (u) a ,k) - s fc (k> a ,k)] may contribute. 
In terms of the detuning A ak , the reflection amplitude 

is 



r(A afe ) 



1 



yjv 2 al + 4« a2 A a fc 



laVal 



S a (A afc + w ) - S b (A afc + uj ) ' 



±ak 



(44) 

Then the reflection coefficient R = |r| 2 can be directly 
obtained. 

The transmission amplitude t is directly obtained 
through t = 1 + r and the transmitted coefficient is 
straightforwardly obtained as T = \t\ 2 . Interestingly, 
we find three resonance points where the single photon 
transmission amplitude is zero: (1) t (A ak = A„ ) = 0, 
where A a fc = A^ means that the input single-photon 
energy is resonant with the bound-state energy in the 
transverse mode uj ak = Ei, Sl namely the photonic Fes- 
chbach resonance; (2) t (A ak = 0, 7& = 0) = 0, or in terms 
of the wave-vector t{k = fc reS) 7& = 0) = 0, with fc res = 
0, — v a i/v a 2 for v a \ > 0. This resonance is denoted as 
single-photon resonance. (3) lim t(A ak ) = 0. We 

call this resonance the cutoff (minimum) frequency res- 
onance. Under these three resonances, the transmission 
T = 0. 

For comparison, we also obtain the reflection ampli- 
tude 



ri 



A Q fc + 1 (j a + lb) ' 

and the transmission amplitude 



(45) 



l + n 



lib 



A a k + i (7a + 7b) 



(46) 



for linear waveguides and add a subscript T' to denote 
that this result only applies to linear waveguides. This 
result is in agreement with in Ref. [24] when 7 = 0. Cor- 
respondingly, the reflection and transmission coefficients 
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Figure 2: (Color online) Results for linear waveguides: (a) 
Transmission coefficient Ti versus detuning Ai a fc and (b) ver- 
sus the coupling strength yi between the transverse mode and 
the TLS at the single-photon resonance Ai a k = 0. (c) The 
single-photon loss probability P±l versus detuning Ai a k and 
(d) versus the coupling strength 75 between the transverse 
mode and the two-level atom at the single-photon resonance 
Ai a fc = 0. Other parameters are 7 a /wo = 0.01, 8/ljq = 0.8 
and v a i = 1. All the parameters are in units of ujq. 



arc 



and 



Ri = \n 



' A Lfc + (7a + Ibf ' 



(47) 



(48) 



Here, Ai a fc = v a \k is the detuning of the single photon 
for the a-mode in the linear waveguide from the two-level 
atom. 

For linear waveguides, it follows from Eq. (47) that the 
transverse mode will reduce the reflection of the single 
photon. For the transmission of the photon, the trans- 
verse mode will increase the transmission of the single 
photon when 7 a 7b > 2A afe , otherwise it will decrease its 
transmission. In addition, as a result of the transverse 
mode, i.e., 76 ^ 0, the single-photon probability is not 
conserved in its input mode, that is T\ + Ri < 1. The 
photon is scattered into the transverse mode with prob- 
ability 



Pit = l-Ri-Tx 

= 2 7 a7&/ \&lk + (la + Ibf 



(49) 
(50) 



This probability loss has a Lorentz shape centered at the 
single-photon resonance A a k = with width 7 Q +76. Un- 
der the resonance condition A a fc = and identical cou- 
pling to both scattering mode (a mode) and transverse 
mode (b mode), namely, j a = 7^, the loss probability 
reaches Pu, = 0.5. 
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Figure 3: (Color online) Results for quadratic waveguides: 
transmission coefficient T and probability loss Pil versus 
wave-vector k when: (a) jb/^o = 0, (b) 'yt/^o = 0.05, and (c) 
7f,/wo = 0.15. Other parameters are the same as in Fig. 2. 



V. TRANSVERSE EFFECT IN LINEAR AND 
QUADRATIC WAVEGUIDES 

A. Transverse effect in linear waveguides 

To show the transverse effect on single-photon trans- 
port, we first consider its effect in linear waveguides. We 
plot the transmission coefficient T\ and P\l versus detun- 
ing Aiafc (= k with v a i = 1) under different transverse 
coupling strengths jb/^o = 0, 0.01 and 0.1 in Figs. 2(a) 
and 2(c), respectively, and versus the coupling strength 
7b under the single-photon resonance condition A la fc = 
in Figs. 2(b) and 2(d), respectively. 

It follows from Fig. 2(a) that, at the single-photon 
resonance condition, the perfect reflection (Ti = 0) of 
the single photon is damaged by the transverse mode, 
and the width of the transmission energy band in- 
creases as the transverse mode coupling strength in- 
creases. When the transverse-mode coupling strength 
is strong enough, the perfect reflection becomes perfect 



7 




Photon-TLS detuning A t /a> 



Figure 4: (Color online) Results for quadratic waveguides: (a) 
Transmission coefficient T versus detuning A a k in quadratic 
waveguide. (b)The single photon loss probability P2L versus 
detuning A a k . Other parameters are the same as in Fig. 2. 



transmission [Fig. 2(b)]. Furthermore, the transverse 
mode forces the single photon to leave the input mode 
if the input photon is near resonance with the atom. 
Especially, exactly at the single-photon resonance, the 
loss probability reaches its largest value. However, this 
largest value at the single-photon resonance not always 
increases as the transverse mode coupling strength in- 
creases, as shown in Fig. 2(d). It first increases rapidly to 
0.5 at 7b = 7a, then decreases gradually as the transverse 
mode coupling strength increases and finally reaches 
when 7b is strong enough. 



B. Transverse effect in the quadratic waveguide 

Now we illustrate the transverse effect on the single- 
photon transport properties in a quadratic waveguide. 
We plot the transmission coefficient T versus wave vector 
k in Fig. 3 and versus the detuning A a k in Fig. 4(a), and 
the loss probability P2L = I — T — R versus the detuning 
A ak in Fig. 4(b). 

Figure 3(a) shows that the single photon is perfectly 
reflected at k = fc res and k = kc, otherwise it is com- 
pletely transmitted without coupling to the transverse 
mode. However, once the TLS is coupled to the trans- 
verse mode, the original perfect-reflection points k = fe res 



< 




0.5 

Coupling strength y Jm 

Figure 5: The Feschbach peak A^ versus the transverse-mode 
coupling strength jt> for waveguides in the quadratic regime. 
Other parameters are the same as in Fig. 2. 



has been shifted to k = kp with some probability loss at 
k = fe res . When increasing the coupling strength of the 
transverse mode, the two sides of the perfect reflection 
peaks at k = kp move toward the center peak at k = kc, 
while the probability loss at k — kp is reduced. We also 
note that the center perfect-reflection peak at k = kc 
is not dependent on the transverse-mode coupling; It is 
decoupled from the transverse mode. This because it 
is only determined by the minimum detuning A™£ n be- 
tween the photon and the TLS. Compared with the linear 
waveguide, this phenomenon is more robust against the 
finite cross-section effect of the waveguide. Also, there 
are two additional perfect-reflection peaks. Between the 
peaks kp < k < kc ( or kc < k < kp), there is a perfect 
transmission band. 

Figure 4 shows the single photon transport properties 
in terms of the input energy. Without coupling to the 
traverse mode, the single photon is perfectly reflected at 
A a fc = A™ fe m , A a k = (single photon resonance). How- 
ever, as a result of the coupling to the transverse mode, 
the perfect reflection at the single-photon resonance dis- 
appears but it is replaced by another perfect reflection at 
A a k = A^, which denotes that the input single-photon 
energy is resonant with the bound-state energy in the 
transverse mode. This is the photonic Feschbach res- 
onance [18, 48, 49]. Moreover, the position of the per- 
fect reflection as a result of photonic Feschbach resonance 
moves away from the single photon resonance position. 
Figure 4(b) shows that the photon loss probability only 



occurs in the regime A a fe > A max . This is because 



lim P 2L = 

A«fe->AL. 



(51) 



When A a fe < A^ , the loss probability becomes zero 
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P-2L = 0. Therefore, when the single-photon input energy 
satisfies A^ ln < A a j. < A^ ax , the transverse mode can- 
not exert a negative effect on the single-photon transport. 
We point out that, the features for T and P 2 l versus the b 
mode photon-atom coupling 7^ at the single-photon res- 
onance keep similar with that in the linear waveguide 
[Figs. 2 (b) and 2 (d)]. 

To show this more explicitly, how the transverse mode 
plays a role in the photonic Feshbach resonance, we plot 
the photonic Feshbach resonance peak position in 
Fig. 4 versus the transverse mode coupling strength 7& in 
Fig. 5. As the curve shows, A^ is nearly a linear curve 
and decreases when increasing the transverse-mode cou- 
pling strength. This phenomenon agrees with the prop- 
erties of T shown in Fig. 4. Since A^ is also a com- 
ponent of the bound state energy (29) in the transverse 
mode, except for a constant loq , this curve also shows the 
bound-state-energy dependence on the transverse-mode 
coupling strength. 

Finally, we would like to estimate some parameters for 
the conditions when the additional transverse mode is in- 
volved for the study of single-photon transport . Usually, 
we can ignore the influence of the 6-mode, when the a 
mode is close to resonance of an atomic transition while 
the b mode is off-resonance. We now estimate the quan- 
titative condition by assuming that the effect of mode a 
is 100 times of that of mode b. Namely, when 

100 x 92 < 91 (52) 

\LJ bk -UJo\ \UJ ak -UJo\ 

or, 

(V2-1W 
L x < cA '— = L e , (53) 

UJQ 

the transverse mode b cannot affect the single-photon 
transport. To obtain Eq. (53), we have used 
|w£ ut — w£ ut | > \ojbk — <^afc| and g 2 — g\. However, when 
the transverse size L x of the waveguide is larger than the 
critical size L C1 L x > L c , the transverse mode should 
be taken into account. For a ID circuit system with 
w ~ 10 GHz [27], then L c ~ 3.9 cm. For a 3D opti- 
cal cavity system with ojq ~ 2.21 x 10 6 GHz [50], then 
L c ~ 176.6 nm. 

In addition, when the photon frequency ~ 10 9 GHz, 
such as X-rays [40, 41], the TLS with transition energy 
14.4 Kev (the nuclear transition of 57 F e ), corresponding 
to lu ~ 3.48 x 10 9 GHz, then the critical size becomes 
L c ~ 1.12 A. Experimentally, this 1.12 A looks too 
difficult. Therefore, it is very necessary to consider the 
transverse-mode effect in the single-photon transport in a 
waveguide with finite cross-section. A finite-cross-section 



waveguide is closer to our experimental quantum coher- 
ent device design and fabrication. Taking advantage of 
the finite-cross-section waveguide will ease the stringent 
requirements on realizing quantum-coherent devices. 
VI. CONCLUSIONS AND DISCUSSIONS 

We studied the finite cross-sectional effect of the 
waveguide on single-photon transport. To mainly charac- 
terize the finite cross-section effect of the waveguide, we 
pick out one of the numerous transverse modes, whose 
eigen-frequency is closest to that of the transport mode. 
We consider the transport properties of a single photon 
in such a finite cross-section waveguide by calculating 
the transmission, reflection coefficients and the single- 
photon loss probability. By using a quadratic disper- 
sion relation, we find a bound state and two quasi-bound 
states [5, 42, 43] emerging in such a waveguide with fi- 
nite cross-section, which will not occur in the usual linear 
waveguide. Moreover, when the input photon energy is 
resonant with the bound state energy in the transverse 
mode, the photon will be completely reflected. This is 
the photonic Feschbach resonance. In addition, the in- 
put photon is also completely reflected when the input 
energy of it is at a single-photon resonance with the TLS 
or at the cutoff frequency allowed by the approximated 
quadratic waveguide. The photonic Feschbach resonance 
and the cutoff frequency resonance phenomena do not 
occur in a linear waveguide even in a idealized infinite 
ID waveguide. 

Furthermore, as a result of transverse mode coupling, 
the photon will be lost when the input energy is above 
the maximum bound state energy regulated by the cou- 
pling strength between the transverse mode and the TLS. 
Therefore, only the input energy is below this maximum 
bound-state energy, the single photon can safely pass 
through or be completely reflected by the waveguide in- 
stead of lost in some other transverse mode even though 
in a finite cross-section waveguide. 
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